Solutions to Linear Algebra Practice Problems

1. Find all solutions to the following systems of linear equations.

ry — 21’2 -+ 2333 = 5
(a) 1 — X2 = -1
—X1 —+ T2 -+ T3 = 5

r1 + T9 + 31’3 = 3
(b) —z1 + x4+ z3=-—1
2.%'1 + 3.2132 + 8.%5 = 4

Answer:

(a) We create the augmented matrix and row reduce:

1 =2 2 5 1 0 O
1 -1 O0(-1{—10 1 O
-1 1 1| 5 0 0 1

I N

Thus, the solutions are |1 = 1,290 = 2,23 = 4

(b) We create the augmented matrix and row reduce:

3 1 1 3
-1{—10 1 2| 1
4 0 0 0

=,

1
1
3

oo = W

This system is inconsistent. ’There are no solutions. ‘




2. Find a basis for the solutions to the following system of linear equations:
I1+2I2— T3 + I4:0

—JZ1—21’2+31’3+5JZ4:0
—171—2172— 173—7174:0

Answer: We create the augmented matrix and row reduce:

1 2 -1 110 1 2 0 4]0
-1 -2 3 5|0 —1]0 0 1 3|0
-1 -2 -1 =710 0O 0 0 0160

Changing back to equations, we have

ry = —2[[2—4&74

I3 = —31E4

If we set s = x5 and t = x4, then we have:

T —2 —4
T . 1 0
P R T B
T4 0 1
-2 —4
) ) 1 0
Thus, a basis for the subspace is ol |3
0 1

Note: This answer is not unique. Any two linearly independent vectors
which are in the subspace form a basis for the subspace.



3. Consider the following subspace of R*:

1 3 1 2
2 6 3 3
S=Span (g o a b5 || o
3 9 4 5

Find a basis for S.
Answer: There are two methods.

Method 1: We place the vectors as columns of a matrix and row
reduce:

1 3 1 2 1 3 1 2
2 6 3 3 . 0 0 1 -1
1 3 5 =2 0O 0 0 0
39 4 5 0O 0 0 0

Row reductions do not change the dependencies among the columns of
a matrix. Since columns 1 and 3 are linearly independent in the row
reduced matrix, they were linearly independent in the original matrix.
Also, columns 2 and 4 are linearly dependent with columns 1 and 3 in
both the row reduced matrix and the original matrix. Thus, columns
1 and 3 of the original matrix form a basis for the subspace. Thus, a

1 1
. . 2 3
basis for the subspace is 1115
3 4

Method 2: We place the vectors as rows of a matrix and row reduce:

O W
W w o N
N Ot W =
Tl © W
co o~
oo R N
oo B~
oo~ w

The nonzero rows of the row reduced matrix form a basis for the sub-
1

o

. . 2
space. Thus, a basis for the subspace is NE
3

[ N —




Note: These answers are not unique. Any two linearly independent
vectors which are in .S form a basis for S.

. Consider the planes z; +x2+3x3 = 4 and 2, +2x9+4x5 = 51in R3. Find
parametric equations for the line of intersection of these two planes.

Answer: We create the augmented matrix and row reduce:
1 1 3|4 . 1 0 213
1 2 415 0 1 1|1
Changing back to equation form, we have

Ty = 3—2x3

To = 1—5(]3

If we let x3 = t, we can write the parametric equations for the line:

ry = 3—2t
To = 1-—1¢
r3 = t

. Determine whether the following matrices are invertible. If the matrix
is invertible, compute the inverse.

3 4

() Adv=17 4
1 3 1
|4 7 4

1 0
(c) As=|-1 1 -1
-1 0 -3

Answer: For each of these matrices, we will first compute the determi-
nant to quickly see whether the matrix is invertible. If the determinant
is nonzero, then the matrix is invertible, and we will then compute the
inverse.



(a)

(b)
(c)

The determinant of this matrix is 6 — 4 = 2 # 0, so the matrix is
invertible. The inverse is

AII:%[—% _ﬂ: {—1/5 3_/3]

The first and third columns of this matrix are identical, so the
determinant is 0, so the matrix is ’not invertible‘

We compute the determinant by expanding along the middle col-
umn:

1 4

-1 -l=]

104’
-1 0 =3

-

Since the determinant is nonzero, the matrix is invertible. To
compute the inverse, we augment the matrix with the identity
matrix and then row reduce:

1 0 4}1 0 O 1 0 0]-3 0 —4
-1 -1}0 1 O0}—(0 1 O0-2 1 -3
-1 0 -3]0 0 1 0 0 1 1 0 1

-3 0 —4
Thus, the inverse is -2 1 =3
1 0 1

6. Compute the following determinants:

(a)

2 3
4 5
2 3 1
3 0 1
3 1 2




Answer:

(b) Expanding along the middle row:

(c) We use row reduction to compute this determinant:

—row 1
—row 1
—row 1

-1 -1 -1

0

+row 2

—row 2

8
3
8

-1 -1 -1

0



(d) We use cofactor expansion to compute this determinant:

0 0 0 3 0 9 0 0 o
2 0 0 2 0 T 1 0 9
8 -1 0 -7 2| = -3
-1 2 2 2
-1 2 2 3 2 s 5 3 4
2 2 3 6 4

|
—_
e}

(\V]
w

7. Let A be the following matrix:

1 1
A=\ 1 t
1 2

=~ N

t

(a) Compute the determinant of A. (Your answer will be in terms of ¢.)

(b) For what values of ¢ is A invertible?

Answer:

(a) We compute the determinant:

1; 1 I A ty 1 2
L4 o4 2 1 ¢ 1 4

= (2" —4t)— (" —t)+2

=
(b) Ais invertible when t*—3t+2 # 0. Since t?—3t+2 = (t—2)(t—1),

A is invertible for [t # 2,t # 1

7



8. Let V' be the vector space consisting of all functions of the form

ae®® cost + Be* sinx

Consider the following linear transformation L : V' — V:

(a) Find the matrix representing L with respect to the basis {e** cos z, e

(b)

L(f)=f+f

Use your answer from part (a) to find one solution to the following
differential equation:

Y +y=ecosx

Answer:

(a)

We apply L to both e?* cosz and e** sin x:
L(e* cosx) = 2€** cos x—e** sin r+e* cos v = 3 cos r—e** sin x

L(e**sinz) = 2e** sin x+€** cosz+e* sinw = e** cos v +3e* sinx

3 .
The first corresponds to the vector } with respect to the

—1

. : 1 .
given basis, and the second corresponds to the vector [ 3 } with

respect to the given basis. These vectors are columns of the matrix
representing L. Thus, the matrix representing L with respect to

the given basis is [_i’ ; }

To find one solution to the differential equation, we simply need
to solve the following matrix equation:

el

Solving this matrix equation, we get x = [

0.3
0.1

tion to the differential equation is |y = 0.3¢** cos x + 0.1e** sin

] . Thus, one solu-

Note: Initially, this problem incorrectly asked you to solve the
differential equation. The problem should have just asked to find
one solution. You do not need to be able to find all solutions to
the differential equation.

2z

sinx}.



9. Consider the following basis for R?:

=) 3]y

(a) Find the coordinates for the vector [_i 1 in terms of the basis E.

(b) Let L : R? — R? be the following linear transformation:
L(z,y) = (2 — y, 3z — 2y)
Find the matrix representing L with respect to the basis F.
Answer:
(a) We need to find numbers ¢; and ¢y such that
o2 ]rel3]- 7]

Thus, we need to solve the following system of linear equations:

1 +3c = =2
201 + 562 = 4
Solving, we get ¢; = 22 and ¢ = —8. Thus, the coordinates in

terms of basis E are { _23 1

(b) First, we apply L to each of the basis vectors:

f([])- 1]
f([5]) -1

Then, we find the coordinates for each of the resulting vectors in
terms of the basis E. First, we compute the transition matrix to
change from the standard basis to the basis E:

IR

9



Now, we simply multiply the vectors by this transition matrix.
(Note that we could have used this transition matrix in part (a)).

REIIEINN
REIIEINE

Thus, the matrix representing L with respect to the basis F is
-3 =8
1 3

10. Find the eigenvalues and eigenvectors of the following matrices:

(a) A1:‘3 —5}

|2 =3

4 —4 2
(b) Ap=1|2 -2 2

| 0 0 1
Answer:
(a)

| 3=A -5 Y
det(Al—)\[)—‘ 9 _3_)\‘—/\ +1

Thus, the eigenvalues are A = 7, —i. We can find the eigenvectors
corresponding to A = i:

. 3—i =5 3—i -5
A‘“‘[ 2 —3—@'}_{ 0 0}

Thus, 3 is an eigenvector corresponding to A =i (and any

multiple is also an eigenvector).

10



The eigenvector for A = —i is the complex conjugate. Thus, an
eigenvector corresponding to A = —i is { 3 il } (and any multi-

ple is also an eigenvector).

Thus, the eigenvalues and eigenvectors are | A = 1, [ 3 iz } and

[ 5
A__Z’[SH']
(b)

4-x -4 2

det(As —A) = | 2 —2-Xx 2

0 0 1— )
4-x -4
B (1_”' 22—

= (1-XN((4d=MN(-2—-X)+28)
= (1=XN)(=22+ X)) = A1 =N (=2+])
Thus, the eigenvalues are A =0, 1, 2.

Now, we find the eigenvalue corresponding to A = 0:

4 —4 2 1 -1 0
A-0I=1]2 -2 2| — |0 0 1
0O 0 1 0O 0 0
1
Thus, an eigenvector corresponding to A = 01is | 1 |. Any multiple
0

of this vector is also an eigenvector.

Now, we find the eigenvalue corresponding to A = 1:

3 -4 2 1 0 =2
A-I=1]12 -3 2|=]0 1 =2
0 0 0 0 0 0

11



11.

2

Thus, an eigenvector corresponding to A = 1is | 2 |. Any multiple
1

of this vector is also an eigenvector.

Now, we find the eigenvalue corresponding to A = 2:

2 —4 2 1 -2 0
A-2I=12 -4 2| — 1|0 0 1
0 0 —1 0 0 O
-0
Thus, an eigenvector corresponding to A = 2 is | 1 |. Any multiple
of this vector is also an eigenvector. -
[ 1] 2
Thus, the eigenvalues and eigenvectorsare | A =0, | 1 | [|A=1, | 2
| 0] 1
2
and [ A=2,| 1
0

Consider the following matrix:

S

Find a general formula for the entries of A". (Hint: Diagonalize A.)

Answer: The trace of A is 2 and the determinant is 0. This means that
the sum of the eigenvalues is 2, and the product is 0, so the eigenvalues
must be A =0, 2.

We find the eigenvector corresponding to A = 0:
6 4 3 2
A—O[_[_6 _4] _>[O 0}

-2 1 Any multiple

Thus, an eigenvector corresponding to A = 0 is [ 3

of this vector is also an eigenvector.

12



We find the eigenvector corresponding to A\ = 2:
4 4 11
A—QI_[_6 _6] _>[O O}

-1 1 Any multiple

Thus, an eigenvector corresponding to A = 0 is [ 1

of this vector is also an eigenvector.

Thus:
-1
A = -2 -1 0 0]|—-2 -1
3 1 0 2 3 1
=2 -1 0 O 1 1
N 3 1 0 21|[|-3 =2
Now, we can compute powers of A:
w2 =170 o0o][ 1 1
= 0 2 s

o ]

12. (a) Find all solutions to the following system of differential equations:

Y
Y

1= —5y1 + 3y2
y = —4y1 + 2y,

(b) Use your computations from part (a) to find all solutions to the
following system of differential equations:

yi = —5y1 + 32
Yo = —4y1 + 2y

Answer:

13



(a) We can express this as a matrix equation:

AEEIR

We need to find the eigenvalues and eigenvectors of the matrix.
Since the trace is -3 and the determinant is 2, the sum of the
eigenvalues is -3 and the product of the eigenvalues is 2. Thus,
the eigenvalues are A = —2, —1.

Now, we find the eigenvector corresponding to eigenvalue A = —2:
-3 3 -1 1
A+2I_{_4 4‘|—>{O 01
) . 1
Thus an eigenvalue corresponding to A = —2 is [ 1 } .

Now, we find the eigenvector corresponding to eigenvalue A = —1:
-4 3 -4 3
SN ER IR

Thus an eigenvalue corresponding to A = —1 is [ i } :

Thus, in the basis of eigenvectors the differential equation be-

comes: /
Ul . -2 0 Ui
(75) - 0 —1 U2
This has solutions u; = Ae™% and us = Be~*. Thus:
Yy | 1 S R | |3
{yQ}—ul{l}—i—uQ[Zl]—Ae [1 + Be 4

y1 = Ae ¥ 4 3Be?
Yy = Ae ? +4Be™!

(b) We can express this as a matrix equation:

R

14



We can use the eigenvalues and eigenvectors computed in part (a).
In the basis of eigenvectors, the differential equation becomes:

U1 " . -2 0 U1

U2 - 0 -1 U2
So, we have the differential equations u] = —2u; and u) = —u;.
This has solutions

u; = Acos(v/2t) + Bsin(v/2t)
us = Ccost+ Dsint

ofi]rell]

_ (ACOS(\@) +Bsin(\/§t)> { 1 } + (Ccost + Dsint) { i ]

Thus:

H

y1 = Acos(v/2t) + Bsin(y/2t) 4+ 3C cost + 3D sint
y, = Acos(v/2t) + Bsin(y/2t) 4+ 4C cost + 3D sint

Note: Your answer may look different if you used a multiple of
the eigenvectors.

15



13. Consider the vector space C[0, 1] with the following inner product:

fg/f

Let S be the following subspace:

S = Span (1, x, :1:2)

Find an orthonormal basis for S.

Answer: We use the Gram-Schmidt process:

Make the first vector a unit vector:

|\1ll=m=\// 1) de =2

1
So, | — | is a unit vector.

V2

Make the second vector orthogonal to the first:

(T

Thus, the second vector is already orthogonal to the first.

Make the second vector a unit vector:

quzmﬂ// dx—@

3
Thus, 5:2 is a unit vector.

Make the third vector orthogonal to the first:

(L (e

1
Thus, 22 — (‘/?5) <\/L§> =% — 3 is orthogonal to the first vector.

This is now the new third vector.

Make the third vector orthogonal to the second:

(Vo2 () (-

Thus, the third vector is already orthogonal to the second vector.

16



e Make the third vector a unit vector:

e RGP

thus, % <:c2 — 1) is a unit vector.
2v/2 3

1 1
Thus, the orthonormal basis is | —, \/gx, ﬁg (mz — —)
V2T V27T 22 3
14. Find the Fourier series on the interval [—, 7] for the following function:

0 if —r<x<0
-

1 if O<z<nm

Answer: We compute the coefficients of the Fourier series:
- (o)t [
ST
/7T cos(nz) f(x) dz

_ ! /0 " cos(nz) dz = - Fsin(nx)r ~0

n 0

17



cn = (sin(nz), f(x))

1 T
= —/ sin(nz) dx
0

™

™ n

0
- 2

nm

Thus, we get the Fourier series:

1 1
= = (— cos(nm) + — cos(0)
n even

n odd

— cos(m)] ’

)

0

1 2

2 0w T

2 2 2
f(x) =<+ —sinz + 3 sin(3z) + o sin(bx) + o sin(7x) + ...

T

15. Compute the following integral:

—T

/ (34 2sinz + 3cosz) (1 4 4sinzx) dz

Answer: Recall that 1,sinz, and cosx are orthogonal on [—m,7].

Thus:

—T

/ (34 2sinz + 3cosz) (1 4+ 4sinx) dz

18

/3dx+/ 8sin’ z dx

3(2m) + 81 =



